ON THE SINGULAR WEYL TITCHMARSH FUNCTION OF 
PERTURBED SPHERICAL SCHRODINGER OPERATORS 
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Abstract. We investigate the singular Weyl— Titchmarsh m-function of per- 
turbed spherical Schrodinger operators (also known as Bessel operators) under 
the assumption that the perturbation q{x) satisfies xq(x) £ i 1 (0, 1). We show 
existence plus detailed properties of a fundamental system of solutions which 
are entire with respect to the energy parameter. Based on this we show that 
the singular m-function belongs to the generalized Nevanlinna class and con- 
nect our results with the theory of super singular perturbations. 



1. Introduction 

In this paper we will investigate perturbed spherical Schrodinger operators (also 
known as Bessel operators) 

(1.1) T =~ + l -^^-+q{x), l>~, i GK+ :=((), +oo), 



(1-2) Q G Aoc 



where the potential q is real-valued satisfying 

ixq(x) 6^(0,1), l>~h 
\x(l-log(x))q(x)eL 1 (0,l), l = -\. 

Note that we explicitly allow non-integer values of I such that we also cover the 
case of arbitrary space dimension n > 2, where 1(1 + 1) has to be replaced by 
1(1 + n — 2) + (n — l)(n — 3)/4 [31] Sec. 17. F]. Due to its physical importance this 
equation has obtained much attention in the past and we refer for example to [2], 
[IB] . |19) . [27] . [31] and the references therein. 

We will use r to describe the formal differential expression and H the self- 
adjoint operator acting in L 2 (R + ) and given by r together with the usual boundary 
condition at x = 0: 

(1.3) Yxmx l ((l+l)f(x)-xf'(x)) = 0, l€[-Lh 

x — ^ i z 

We are mainly interested in the case where r is limit point at oo, but if it is not, we 
simply choose another boundary condition there. Moreover, one could also replace 
M + by a bounded interval (0,6). 

If I = and q £ i 1 (0, 1) such that the left cndpoint is regular, it is well known 
that one can associate a single function m(z), the Weyl-Titchmarsh (or Weyl) m- 
function, with H, such that m(z) contains all the information about H. In the 
general case (in particular when I > ^ and r is limit point at the left endpoint) it 
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was shown only recently that one can still introduce a singular Weyl function M(z) 
which serves a similar purpose (we refer to Gesztesy and Zinchenko [15] , Fulton and 
Langer [T3], [HJ, Kurasov and Luger [23], Derkach [6], and Dijksma and Shondin 
[11]). For a comprehensive treatment we refer to our recent work with Sakhnovich 

mi- 

The key ingredient for defining a Weyl m- function is an entire system of linearly 
independent solutions <j)(z,x), 6(z,x) of the underlying differential equation tu = 
zu, z 6 C, normalized such that the Wronskian W(9(z),<j>(z)) equals one. To make 
the connection with H, one solution, say <j)(z,x), has to be chosen such that it lies 
in the domain of H near the endpoint x = (i.e., <f>(z, .) G L 2 (0, 1) and it satisfies 
the boundary condition at x = if H is limit point at x — 0). Once <p(z,x) and 
9(z,x) are given, the Weyl m-function M(z) can be defined by the requirement 
that the solution 

(1.4) ip(z,x) = d(z,x)+M(z)<j>(z,x) 

is in the domain of H near +oo, i.e., ip(z, .) € L 2 (l, +oo). 

While this prescription sounds rather straightforward, it has turned out to be 
rather subtle! Namely, the following problems naturally arise in the study of sin- 
gular m-functions: 

• existence of entire solutions <fi(z,x) and 9{z,x) as above. 

• analytic properties of the singular m-function. 

• a canonical normalization of the fundamental solutions <p arL d at a sin- 
gular endpoint x = 0. 

In [2U] we have shown that a necessary and sufficient condition for a system of 
solutions <j){z, x) and 9(z,x) to exist is that one operator (and hence all) associated 
with r restricted to a vicinity of the singular endpoint has purely discrete spectrum. 
This clearly affirmatively settles the first question. In addition, it implies that the 
corresponding singular m-function (|1.4j) is analytic in the entire upper (and hence 
lower) half plane and thus also partly settles the second question. Moreover, we 
have shown that there exists a renormalization of the fundamental solutions such 
that the corresponding singular Weyl function is a generalized Nevanlinna or even 
Herglotz-Nevanlinna function. However, the corresponding choice of fundamental 
solutions is not naturally given and it was only indirectly constructed. 

On the other hand, in the special case of Bessel operators (|1.1[) . under the ad- 
ditional assumption that the potential q{x) is analytic and of Fuchs type near 
x = 0, there is a natural choice of fundamental solutions, namely those obtained 
from the Frobenius method. It was shown by Fulton and Langer [14] that this 
choice leads to a singular Weyl function in the generalized Nevanlinna class N%°, 
where k < hi :— + |J (for the definition of see Appendix |Bj. Here 
[x\ = max{n <E 7L\n < x} is the usual floor function. Moreover, for the Coulomb 
case q{x) — qa/x, Kurasov and Luger [21] proved that in fact k — ki (see also 
[TTj . where the case q = was treated). Our approach from [20] applied to (jl.ip 
with potential q(x) satisfying (jl.2[) shows that there is a choice of fundamental 
solutions such that the singular Weyl function is in N%° with k < [~^4p] ■ Here 
\x] = min{n 6 Z\n > x} is the ceil function. However, if q(x) it not analytic (at 
least near x = 0) there is no natural choice since the Frobenius method breaks 
down in this case. It is the aim of the present paper to give a characterization of 
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the fundamental solutions which lead to a singular Weyl function in thereby 
extending the results from [14] and [24] to the class ()1 .2|) . 
Our approach is based on two main ingredients: 

(i) a detailed analysis of solution of the underlying differential equation and 

(ii) the theory of super singular perturbations [3], [6], [7J, [8], [9], [11], [23] . 
[28] (see also Appendix |C|) . 

More precisely, in Section [3] we show that for I > — i real entire solutions (j)(z,x) 
and 9{z,x) can be chosen to satisfy the following "asymptotic normalization" at 
x = (Lemma I3.2|) 
(1.5) 

-xVa + o(1 )) j l = _i, 



(z,a;) = x' +1 (l + o(l)), 0(z,a:) = 



Note that, while the first solution (f>(z,x) is unique under this normalization, the 
second solution 9(z,x) is not, since for any entire f(z) the new solution 9{z,x) = 
9{z,x) + f(z)<p(z,x) also satisfies (|1.5j) . So, we need an additional normalization 
assumption for 9{z, x). To this end we show that there is a Frobenius type repre- 
sentation for (j>(z, x) and 9{z, x) (see Lemmas 13.11 and I3.8P and the corresponding 
normalization is given in Definition 13.101 (see also Corollary 13. 13|) : we will call 9 a 
Frobenius type solution if 

(1.6) \im W x (9 ( - n ' +1 \z) 7 9(z )) = 0, m := [I + l/2\, 

where W x (f,g) = f(x)g'(x) — f'(x)g(x) is the usual Wronskian. Note that such 
a 9{z,x) always exists since by item (vi) of Corollary 13.121 this limit exists and is 
a real entire function in z (let us denote it by F^" !+1 ^(z)). Therefore, 9(z,x) — 
9{z, x) — F{z)(j){z, x) satisfies the above assumption. 

Furthermore, the Frobenius type representation of the fundamental solutions 
enables us to apply the theory of super singular perturbations. The connection 
between the Weyl-Titchmarsh theory for Sturm-Liouville operators and the theory 
of singular perturbations is well known and goes back to the pioneering work of 
Mark Krein on extension theory (see, e.g., [2H]). Thus, in the regular case I = 
and q £ L 1 ^, 1), the Weyl-Titchmarsh function, which corresponds to Neumann 
boundary condition at x — 0, can be considered as a Q-function of the operator H, 

m N (z) = (5, {H-z)- 1 8) L2 , zep(H), 

where S is the Dirac delta distribution and the inner product is understood as a 
pairing between W 1,2 (M. + ) and W -1 ' 2 (R + ) (for the details see Example IC.ll and 
also [291 §1-6]). 

To introduce the Q-function for H in the case I > h, i.e., in the limit point case 
at x = 0, one needs the theory of super singular perturbations [3], [7], [5], [S], [23] > 
[25] , Moreover, it was first observed in [TT], [53] that this Q- function is closely 
connected with the singular m-function (jl.4l) (note that in [6] Derkach introduced 
the singular m-function for Laguerre operators). For instance (see also Section [2] 
below), for q = 0, it is shown [11] [24] that the (maximal) self-adjoint operator Hi 
associated with t;, tj := r if q = 0, can be realized as an f)_„,_2-perturbation and 
one of the corresponding Weyl functions Mi(z) is given by (|2.12p below. Also, in 
this case Mi S N^, where m = + fj. Moreover, the perturbation element ip is 
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ipi := (Hi — z)ijji(x, z), where ipi(x, z) — ^e 1 ^ - 71 (— z)^~ ^/xH^ L ()xa/—z), and Hi 



2^ V ") V— J+ i 

is an [JO-njj'S-fnj+a)] continuation of Hi. Here if^ denotes the Hankel function 
of order v of the first kind. 



Lemmas 13.61 and 13.81 enable us to extend the above scheme to general Bessel 
operators with potentials satisfying (|1.2[) . Namely, Lemmas 13.61 and 13.81 allow us to 
conclude that the solution tp(z,x) defined by (|1.4p and (|1.5[) satisfies 

(1.7) d* l i/)(z,x) = ki\{H - z)- K 'ip(z,x) G L 2 (R + ), dp-^fax) $ £ 2 (0,1). 
Therefore, setting 

f-=(H- x) G io_ 2 ( Ki +i) \ -S0-2 Ki , 

we can introduce the Q-function M(z) for the operator H via (|C16|) (|C17|) . In 
Section|4]we will then show that the singular Weyl function (jl.4l) and the Q-function 
M are connected by the following relation 

M(z) = M(z) + G(z), 

where the function G(z) is entire (Theorem I4.5[) . Moreover, we show that G(z) is 
a real polynomial of order at most 2«; + 1 if 8(z, x) is a Frobenius type solution, 
that is, 0(z,x) satisfies condition (11.61) . 

To conclude, we briefly describe the content of the paper. In Section [5] we con- 
sider the unperturbed Bessel operator. The next section deals with the properties 
of a fundamental system of solutions, which are entire with respect to the energy 
parameter. In particular, we prove a Frobenius type representation for the funda- 
mental solutions. In Section U we prove our main result, Theorem 14. 5 1 

Appendix IXlcontains necessary information on Hardy type inequalities, which we 
need in Section [31 We also collect necessary information on generalized Nevanlinna 
functions and the theory of super singular perturbations in Appendices [B] and [Cl 
respectively. 

2. An example 

We begin our investigations by discussing the prototypical example: The spher- 
ical Schrodinger equation given by 

, s d2 1(1 + 1) , \ 1 

(2.1) H l = -T2+- L -r 1 ' zG(0,+oo), l>-~, 

ax x I 

with the usual boundary condition at x = (for I G [ — g> |)) 

(2.2) limx l ((l + l)f(x)-xf'(x)) = 0. 

Two linearly independent solutions of the underlying differential equation 

(2.3) - u"(x) + l V + 1 K (x) = zu(x) 



are given by 

(2.4) Mz,x)=C^ 1 z-^ ] l — J lH (V-zx), Cf.= 
(2.5) 



r(/ + 1)2' +1 



9i(z,x) = -Ciz * \l ~2 



1TX T^TTTZI 



sm 



J_ t _i(^x), i + kK+\N , 



Yi+UVZx) - \ ^og(z)J l+ i(^x), I + \ G N , 
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where and Y l+ i are the usual Bessel and Neumann functions (TJ. All branch 
cuts are chosen along the negative real axis unless explicitly stated otherwise. If I 
is an integer they of course reduce to spherical Bessel and Neumann functions and 
can be expressed in terms of trigonometric functions (cf. e.g. [JJ, [301 Sect. 10.4]) 

Using the power series for the Bessel and Neumann functions one verifies that 
they have the form 



(2.6) 
(2.7) 



oo (~f4> _2fc 



Lh-' 



fc=0 



(~l) fc 

n ' k 4*(Z + f) fe : 



L i i. — 



%{z,x) = < 



00 ™2fc 



fe! 

k=0 



\N , 



21+1 



E 

k=0 



4'(n ( -i)l ,^ 



E 

k=ni 



Ci, k x 2k _ k 
1 \y & 



I + I G No, 



where = U + 5J and 
(2.8) 

I + I G N , 



C, 



i/>(k + l) + i/>(k - m + l) 



.4 fc (i-fc+X)T' " 1 2 

and ^i(-) is the psi-function [TJ (6.3.2)]. Here we have used the Pochhammer symbol 

T(x+j) 



(2.9) 



(x) = 1, {x)j =x(x + !)••• (x+j-l) 



T(x) 



In particular, both functions are entire with respect to z and according to [TJ 
(9.1.16)] their Wronskian is given by 

(2.10) W{di{z),<l>i{z))=l. 
Moreover, on (0, 00) and I > —1/2 we have 

(2.11) in{z,x) =9 l (z,x)+M l (z)<f> l (z,x) ^iC^j^-C^zf+^H^iS^zx) 



with 

(2.12) Mi(z) 



L-(-z) l +i, i + iel+\N , 



= ) sin((; + i)7r) 



C, = 



r(z + §)2 /+1 



where all branch cuts are chosen along the negative real axis and H^-yi^iz) — 
Jl + x/z{z) + 1^+1/2(2) is the Hankel functions of the first kind. The associated 
spectral measure is given by 



(2.13) 



■'•■2. <i\\'+*^ i>-l 



dpi(A) = Q l X[o,oo)(A)A ,+ >— , I 



7T 2' 

and the associated spectral transformation is just the usual Hankel transform. Fur- 
thermore, one infers that Mi(z) is in the generalized Nevanlinna class N%° with 
ki= L//2 + 3/4J. 
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For more information we refer to Section 4 of [15] , to [12] , where the limit circle 
case I G [—1/2,1/2) is considered, and to Section 5 of [14], where the Coulomb 
Hamiltonian Hi — a/x is worked out (see also [TT], [2~4"]). 

3. ASYMPTOTICS OF SOLUTIONS 

3.1. General results. The main object of the following sections is the perturbed 
Bessel differential expression (jl.lj) . In order to avoid cumbersome case distinctions 
we will exclude the special case I = — | most of the time. Since the operator is 
limit circle for I £ [— i, |) this case is of no interest to us. 

We begin with the following preliminary result (see [TH] Lemma 2.2]). 

Lemma 3.1. Abbreviate q(x) = q(x) for I > — | and q(x) = (1 — \og(x))q(x) for 
I = — |. Assume that xq(x) € L 1 (0, 1). Then there is a solution 4>(z,x) of tu = zu 
which is entire with respect to z and satisfies the integral equation 

(3.1) 4>(z,x) = 4>i(z,x)+ Gi{z,x,y)q{y)(j){z 1 y)dy 1 

Jo 

where 

(3.2) Gi(z,x,y) = (f>i(z,x)6i(z,y) - (j>i(z,y)di(z,x) 

is the Green function of the initial value problem. Moreover, this solution satisfies 
the estimate 

(3.3) |0(z, <c(— ^Y^e 11 ^ 17 ^ f 7#ir^ 
The derivative is given by 

f x 

(3.4) 4>{z,x) = <t)[{z,x) + J —Gi(z,x,y)q(y)(f)(z,y)dy 
and satisfies the estimate 

(3.5, .) - rffc .)| < C ( TT ^-)' e.M.-„. £ _J&|_ d , 

The next result plays a key role in the study of solutions <p(z,x) and 9(z,x). 

Lemma 3.2. Let I > —1/2 and xq(x) <E £ p (0, 1), p <E [1, oo], or / = — i and either 
xq(x) € L p (0, 1), p£ (1, oo], or (1 - log(x))a;g(a;) € ^(0, 1) and p = 1. 

XTien i/iere ea;i,si two linearly independent solutions <p(z, x) and 0(z, x) of tu = zu 
such that 

(3.6) «(^)={^;iW( 2 ,,,, £:{; 

0(z,O) = 0(2, 0) = 1, where 
(3.7) 

( , W 1 *(0,l) s p€[l ) oo], o<;, 
^,.)e^(0,l),pe [l,oo], 0>,.)e r'"(0,l),pe[i,^), ^ < Z < 0, 

[C[0,1], Z = -±. 

and, moreover, for I > —1/2, 

(3.8) lim x4>'(z,x) = lim x6'(z,x) = 0, and lim W x (0(z), </>(0) = 1. 

a;— >-0 a;— fO a;— >0 
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The functions (f)(z,x) and 9(z,x) can be chosen entire with respect to z and 4>,Q € 
C(C x [0,1]). Here W 1,P (Q, 1) denotes the usual Sobolev space consisting of all 
absolutely continuous functions whose derivative is in L p (0, 1). 

Note: The restriction on p in (|3.7p in the case ^ < I < should be understood 
as 0(z, .) £ W 1 * for any p < min(p, =±) since 2^(0, 1) C L p (0, 1). 

Proof. Without loss of generality we assume z = and we abbreviate <j(x) = 
xq(x) G £ p . We begin by making the ansatz 

<£(a:) = x l+l e^ w{ - v)dv 
such that </> solves T<f> = if and only if u> solves the Riccati equation 



/ i 2(/ ~f~ 1) 

u) (xj + w(x) H tu(x) = q(x). 

x 

Now introduce (cf. Appendix IA")) 

(£,/)(*) ^x-^ 1 ( X y t f{y)dy 
Jo 

and write 

iu(x) = c(x)(K,2i+\{c~ 1 q)){x) 
for some continuous positive function c to be determined. Then w will satisfy our 
Riccati equation if c solves the integral equation 



c(x) - 1 - / c(t) 2 (ICz l +l(.c- 1 q)){v)dy =: (Ac)(x). 
Jo 

For l> -1/2, (|A~T0|) implies 

Q(x) := /C 2m (|g|)(x) e £ p (0,a) C ^(0,0) 

and we can choose a so small that L = 15 J Q a Q(y)dy < 1. Then, if we consider the 
ball i? 1 / 2 (l) of radius 1/2 around the constant function 1 in C[0,a] we obtain 

US - 1|U < £ \\f\\Ur 1 UQ(y)dy < £ \2Q(y)dy < ± f e Bi/ 2 (1). 
Similarly, 

114/ - Agllco - f (/(tfJ^/Ca+xCr 1 ?))^) - ^(WCrtMtf))*!/ < 

JO / 00 

J (i\\f - g\\oo1Q(y) + ~4||/ - ff |UQ(j/))% < - <?IU 

and thus we get existence of a solution c € -B]/2(l) by the contraction principle. In 
summary, w £ L p (Q,a) and <j){x) — x l+1 4>{x) with 

as desired. To see that <j>'(x) = o(x^ 1 ), observe that <j>i(z, x) has this property (cf. 
(I2.6[) ) and then use the estimate (I3.5[) . The case / = —1/2 is similar using (|A.23[) 
instead of (|A.10|) in the case p=l. 

A second solution of the required type follows from 

=x- l 4>(x)(IC 2l+1 (4>~ 2 ))(x), t e (f):=x e f y' 1 ' 1 f{y)dy, 



L 2 (y) 

by virtue of (|A~T6l) and (lA~T7j) . 



s 
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To see that <j>(z, x) and 9(z, x) can be chosen entire, we note that 4>(z, x) coincides 
with the entire solution from Lemma 13.11 up to a constant. Moreover, by [20j 
Lemma 8.3] there is a second entire solution 9(z,x) = a(z)9(z,x) + /3(z)(f>(z,x). 
Since 1 = W(9(z),(f>(z)) = a(z)W(9(z), tf>(z)) = a{z), we see that 6{z, x) = 9(z, x) + 
f3(z)4>(z) and since 9(z,x) + (3(z)(f>(z, x) has the same asymptotic properties near 
x = 0, we are done. □ 



Remark 3.3. 



Clearly we have 4>(z, .), 9(z 1 .) £ AC\ oc (0, 1) (see also Corollary \3.4\ below). 

• The Coulomb case q(x) = x -1 shows that for I = and p — oo the 
derivative of the solution 9(0, x) can have a logarithmic singularity and 
thus is not bounded in general. 

• The result shows that any operator associated with (jl.ll) and defined on 
i 2 (0, 1) is nonoscillatory and thus is bounded from below with purely dis- 
crete spectrum (cf. |19[ Thm. 2. 4] J. 

Corollary 3.4. Let I > —1/2 and xq(x) £ L p (0, 1), p £ [1, oo]. The derivatives of 
the solutions from the previous lemma have the form 

(3.9) <t>'{z,x) =x l ^(z,x), 9'(z,x) = -y—j6(z,x), <p(z, 0) = l+l, 9(z, 0) = -/, 

where 
(3.10) 

'[l,oo], 0<l, 



(z, .) G W^(0, 1), p G [1, oo], 9(z, .) G W 1 * (0, 1), p G 



[!,#), ^<^<0. 



Proof. This follows from the previous lemma using 0(z, x) = (/+l)</)(z, x)+x0'(z, x) 
together with the differential equation 

x4>"(z, x) = —2(1 + l)(f)'(z, x) + x(q(x) — z)(f)(z, x) 

which implies <f/(z, x) — —l(f>'(z, x) + x(q(x) — z)<fi(z, x) £ L p (0, 1). 

The calculation for 9 is similar. □ 



Remark 3.5. Let us note that existence of a fundamental system of solutions 
satisfying (|3.6[) and (13.91) was first established by Bocher [5] , see also |26j . 

3.2. Series representation of <fi(z,x). Lemma [3.21 provides the asymptotics of 
solutions at a singular endpoint x = 0. However, this information is insufficient for 
our needs. The main aim of this and the following subsections is to prove Frobenius 
type representations for the entire solutions <f>{z,x) and 9(z,x). Throughout this 
section it will be convenient to abbreviate 
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Lemma 3.6. Assume that I > — 1/2 and xq(x) £ L p (0, 1) for some p G Then 
the solution <f>(z,x) admits the representation 

(3.12) <j>{z, x) = x^ J2 x2k ^ X \ z - Zo )\ 

k=0 

(3.13) 4> (z,x) = x (z-zoT, 

k=o K - 

where 

(3.14) M*o,-) e^ p (o,i), 

(3.15) ^(z ,Q) = C^, &(zto,0) = (/ + l + 2fc)Cj; fc) C^ = -^^-, 

and (x)j the Pochhammer symbol. 

Moreover, for any zq 6 C and fc G No 

(3.16) lim £07.(20) ie) = 0. 

x— >0 

The proof of this lemma is based on the following result. 

Lemma 3.7. Let I > —1/2 and xq(x) £ L P (0,1) for some p £ Assume that 
gk{x) = x l+1+2k g k (x) with k > -1 and g fc £ W lp (0, 1) (wit/i fe > —5 and £ fe £ 
L p (0, 1), p £ [1, 00]/ T/ien i/ie solution of the following inhomogeneous problem 

(T-z)f k =g k , ]imx-« +r >f k (x)=0, 

zs given by 

1+1+2(W) if] 

where f k (0) = (0) . Moreover, 

(3-18) /a^) = - 4( /^{tU ' /fc G W 1,p (0, 1) (A G L p (0, 1)), 

where f k (0) = (I + 1 + 2(fc + l))<7fc(0) and lim^^o ^/l ( :r ) — 0. //, additionally, 
Mmx^o xg' k (x) = 0, t/ien lim^o (a;) = 0. 

Proof. Observe that f k admits the representation 

fk(x) = c x 6{z, x) + c 2 <p(z, x) + (G z g k )(x), 

where 

r-X r-X 

(Gz9k)(x) =0(z,x) g k {y)(j){z,y)dy - <p{z,x) I g k (y)9{z,y)dy 
Jo Jo 

x l+l+2(k+l) , _ _ ~ \ 

(3-19) = ^ - ^ (0(z,x)(JC 2{l+k+1) (g k (j)))(x) - cf>{z,x)(K,2k+i{gkQ))(x)) . 

Since g k ,4>,6 £ W 1 ' p {Q,l)wegetx- l - 1 - 2 ^ k+1 \G z g k ){x) £ W lj, (Q, 1) by LemmaES 
Similarly, if g k £ L p (0, 1), then Lemma[Oyields x -l-i-z(k+i) (G z g k )(x) £ L p {0, 1). 
Moreover, the condition lim^^o x~' l+l 'f(x) — implies c\ — c 2 — 0, that is, 
fk = G z g k . 
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Next, by (jA.lljl we find 

/ fc (0) = lim x- {l+2k+ ^G z {g k ) = -1 



§a(0)#js,0) sf fc (0)fl(«,0) 



x^o zva " y 2Z + l\2Z + 2fc + 3 2fc + 2 

3fe(0) 



4(ft + l)(J + fc + 3/2)' 
The claim about the derivatives follows using Corollary 13.41 and 

„ x i+2(fc+X) „ _ ~ \ 

{G z g k )'{x) = ' (2i + i) { e ( z > x )(^i+k+i)(9k(l>)){x) ~ ${z,x)(IC2k+i(gkO))(x)) . 

Finally, fk(x) = (1 + 1+ 2(k + l))fk(x) + xf' k (x) implies lim x _j. x f' k (x) = and 
if lim x _>o xg' k (x) = 0, then (|A.15I) implies lim^^o x f' k (x) — 0. This completes the 
proof. □ 

Proof of Lemma \3.6l Since </>(z, x) is entire in z, we get 

<K*> x ) = E ^ k){ ^ X \ z - z Q ) k , (zo,x) = J^(*, x) 

Further, observe that <f>(°'(zo,x) — (j)(zQ,x) and the derivative <f>( k \z,x), k € No, 
satisfies the following equation 

(T-Z)0( fc+I )(z,x) = (k + l)(t> {k \z,x). 

Moreover, by Lemma [3~2l the solution <fi(z, x) admits the representation 

<f>(z,x) = x l+1 j(z,x), 0(z,.)G ^(0,1), ^C(C,[0,1]). 

Due to the Cauchy integral formula, d k cf) € C(C, [0,1]) and by 0(z,O) e 1 we 
conclude that d k (j>(z, 0) = 0, that is, 

lim x- (l+1) (j) k {zo,x) = 0. 

x— >Q 

Using Lemma 13.71 we obtain by induction 

(j>^{z ,x) =x l+1+2k Mz ,x), fa(z ,x) 6^(0,1), fe (z o ,O) = C^, 

which finishes the proof if g k g W 1 ' p . The case g/c € is similar. □ 

3.3. Series representation of 6(z,x). The representation of the second solution 
is not unique since we can add F(z)4>(z 1 x), where F is an arbitrary real entire func- 
tion. However, the singular part of 6(z, x) admits a Frobenius type decomposition. 
Namely, the main result of this subsection is the following representation of 9(z, x). 

Lemma 3.8. Let I > —1/2 and xq(x) € L p (0,l)for some p £ 2j. Set n; := 
\l + 1/2J and ei — ni — I G (— -j, T/ien i/ie solution 9(z, x) admits the following 
representation 



(3.20) <?(*, s) = ^— E ^ 9k ^ X \ Z - z Q ) k + F{z)^{z, x), 

~ k=0 
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with, if I + 1/2 g N, 
(3.21) 

!peli, k<n h 
pelt, k>m and e t e (-|,0) or n ; =0, 

p € J; n [1, 2^), fc > ni and e ( € [0, ±), 

(3.22) ^ ' 0) = ^ := #F^' 
and, z/Z + 1/2 = n; e N, 

^(0,1), ^(0 O ,O) = C ; e fe , k<n l ,p€l l , 

(3.23) fl fc (2b,0 e <( <3£ fc log(a0 + W^(0,1), p<p, fc>n;, peJ,n(l,oo], 
£« fc log(aO(l + o(l)), k>m,p = l, 



(3-24) C7f fc := 7^ , , u , CJ 



4'.'(/-A- + i),." ^ fe! 4'r(i + l/2)' 



and -F(z) is a rea/ entire function and any polynomial part of degree up to order m 
could be absorbed in the series. 
For the derivative we obtain 

(3.25) e>(z, S ) = ^g - 2k o k M {z zo)k + F{xW{Zt x)t 

where 9k is of the same nature as 9k with Cf k , Cf k replaced by {—I + 2k)Cf k , 
{—I + 2k)Cf k , respectively. 
Furthermore, 

(3.26) Mmx9' k (z,x)=0, if k e \"°> 1 j + ^ f 
a->o I fc < nj — 1, < + l/2eN. 



J/ / + 1/2 e N and k > n h then 
(3.27) 



lim x ^ x6' k (z,x) = Cf tk , p <= (l,oo], 

lim^o 2;1+e ^fc( 2; ' a;) = 0, e > 0, p = 1, fc > n ( . 



To prove this result we need again a preliminary lemma. 

Lemma 3.9. Let I > —1/2 and xq(x) € L p (0, 1) for some p e Assume that 
gk(x) = x~ l+2k g k {x) with k > a«d g e VK lj) (0, 1). T/ien the solution of the 
following inhomogeneous problem 

(t- z)fk=9k, Kmx l fk(x)=0, 

x— >0 

is given by the following formulas: 
In the case k < I — \ we have 

x -l+2(k+l) f k{x) 



(3.28) f k (x) 



4(jfe + l)(jfe-/ + l/2)' 
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where 

(3.29) / fc €1^(0,1), [ pe f'wfmj^ l ~ l < k < l -h / fe(0 ) = 3 fe (0), 

\j> G [l,oo], k < I - 1, 

and litTLc-^o x f' k {x) = 0. 

In ifte case k — I — ^ we have 



(3.30) / fc (x) 



>y ^,i) + x'+ 1 / t W, AeW^o.i), P e(i,oo], 

A = o(log(z)), p = l. 



//, additionally, lmi x ^Q xg' k (x) = 0, then ftxax^axfUx) = for p G (l,oo] and 
li m:E ^ x 1+e /^(x) = 0, £ > 0, forp= 1. 
For f/ie derivative we obtain 

(3.31) /£(*)- ! 



4(fe + l)(fe - / + 1/2)' 

where fk is of the same type as fk with /fc(0) = (— I + 2(fc + l))gfc(0). 

#<7fe G 1^(0,1) ften (^gH , (gUD Wd wif/j A, A G 1^(0,1), respectively. 

Proof. Observe that fk admits the representation 

f k {x) = c\6{z, x) + c 2 <f>(z, x) + (G z g k )(x), 

where 

(G z g k )(x) = 6(z,x) g k {y)(p{z 1 y)dy + <j>(z,x) / g k (y)0(z,y)dy 
Ja Jx 

x -l+2(k+l) , _ _ ~ \ 

= 7^ - ^ [0(z,x)(K.2k+i(gk<P))(x) + <f>(z,x)(lC2(i-k)-i(gk0))(x)) . 

Since g k ,(f,0 G W^O, 1) we get ^- 2 ( fe+1 )(G z5fc )(a:) G W 1 '^, 1) in the case k < 
I — h by Lemma lA.21 Moreover, the condition Iim^^o x~( l+1 ^ f(x) — implies 
ci = 0, that is, A = c 2 (f> + G z g k . 
Next, by (IXTT|) and (|A~T3)) we find 

A(0)=hmz ) G2 (^ = __^___ + ____j 

fffc(0) 



4(fc + l)(fc-Z + l/2) 

The rest follows as in Lemma 13.61 This completes the proof in the case k < I — | . 

In the case k — I — \ use (|A.21[) and (jA.22j) , which finishes the proof in the case 
k = I - |. □ 

Note that the case k > I — | is covered by Lemma T3.7I 

Proof of Lemma \3.8l The proof is similar to the proof of Lemma 13. 61 First we have 
to use Lemma T3.9I to obtain the coefficients for k <n\ (in the case k = ni = use 
Lemma . Then we note that by Lemma [3~71 

{n ' +1 \z,x) = n ' +1 (z,x) +G(zU(z,x), \hnx- l - 1 8 n,+1 (z,x) =0. 

x— >0 
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Hence, replacing 9(z,x) — > 9{z,x) — F(z)(f>(z,x), where F (z) is an entire function 
such that F {ni+1 ^(z) = G{z), we see that we can choose G(z) = without loss of 
generality. Thus we can assume 

]w\x- l - 1 6 { ~ k XzQ,x) = Q, k>m, 

and continue to determine the coefficients for k > n.; using Lemma [3~7l For the case 
1 + 1/2 = m use (IA.4I) . (|A.5j) together with the facts x~ 1 (4>(z, x) - 1) e L*>(0, 1) and 
\og(x)(f>' (z, x) <E LP(0, 1) for any p < p (recall that functions in W 1,p (0, 1) are Holder 
continuous with exponent 7 = 1 — r for the first claim and Holders inequality for 
the second claim). 

Concerning (13.27[) in the case p > 1 observe that one can strengthen (|3.8[) to 
read x<f/(z,x) = 0(a: 1_1/p ) and x9'(z,x) = 0(x 1 - 1 / p ). □ 



Lemma l3.6l shows that the entire solution cj)(z, x) is determined uniquely and has 
a Frobenius type form. The solution 6(z, x) also has a Frobenius type form but 
it is not unique since we can add F[z)(j>{z,x), where F is an arbitrary real entire 
function. Our next aim is to fix F(z) in a suitable way. 

Definition 3.10. The solution 9(z,x) is called a Frobenius solution if 

fl(n;+l) 

(3.32) F^\z) = Kmx-^-^^e(z,x) = 0, 

that is 0(z, x) is a Frobenius solution if and only if the function F(z) in the repre- 
sentation (|3.20p is a polynomial of order at most n; := [I + 1/2J . 

Remark 3.11. There is another way to define a Frobenius solution: Choose points 
zq, ■ . ■ , z n . and let 



Lj {z)= n 



z- z k 



be the Lagrange interpolation polynomials. Then one can require that 
(3.33) ^W x {6(^) i , £ i L J (z)e(z j ,x))=F(z)- , £ i L j (z)F(z j ) 
vanishes. To see this just observe that 

ni I ni \ 

J2L J (z)e(z J ,x) = 9(z,x) + F(z)-J2L J (z)F(z J ) J>(z, x) + o(x l+1 ). 

J=0 \ j=0 J 

In particular, note that for a Frobenius solution we can choose F(z) = in (|3.20[) 
without loss of generality. 

Corollary 3.12. Let I > -1/2 and xq(x) <E £ 1 (0, 1). Let(j>(z,x) and9(z,x) be the 
solutions of tu = zu constructed in Lemma \3. 2\ Then for any z, £ G C: 

(i) W x (9(z),4>(z)) = l, 

(ii) limW x (9(z),cj>(0) = l, 

(hi) to iW x (^(z),^ j H0) = 0, i,j e No, 

X— ¥0 

(iv) lim W x (6>W <z) , (f)U) (Q) = i/ i + j > 1 , 
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!oo, i^j,i+j<n h 
ijLj,i + j = m,ij = 0, 
(j - i)CfjCf ti , i+j = m,ij>0, 

(-F^(z), i = 0, 

(vi) if i + j > m + l, then lim W x (9®(z), 0^(0) = { FW(Q, i = 0, 

x— >0 

lo, ij^O. 



Proof, (i) and (ii). This was already part of Lemma 13.21 fcf. 

(Hi). Observe that, by Lemma 1531 4>^(z, x) = x l+1+2j <j)j(z, x), where <j)j(z, .) € 
W x ' p (Q,l) satisfies ([535]). 

(?i>)- By (iw), we can assume without loss of generality that 9 is of Frobenius 
type, i.e., F = in (j3~20| . Furthermore, by LemmaEH 0^ (z, x) = x- l+2j 9j(z, x), 
where 9j(z,.) is given by (|3.2ip or (|3.23p . Taking into account (|3.16[) and (|3.26p . 
(13.271) proves the claim. 

(v). Note that 

W x (x- l+2 %(z),x- l+2 %(z)) = 2(j - i)7*W-*-%(z,x)9i(z,x) 

+ x W+j-D Wx (9 i (z),9 j (z)). 

Since 2(i+ j -l)< 2(n; -l)=2([l + 1/2J - Z) < 1, and (j3~27| complete the 

proof of (u). 

The proof of (vi) follows from (ii)— (iv) and the representation from Lemma 13.81 

□ 

Corollary 3.13. Let I > —1/2 and xq(x) € L 1 (0, 1). Let 9(z,x) be the solutions 
of tu — zu constructed in Lemma \3. 6 A Then 9(z,x) is a Frobenius type solution if 
and only if 

(3.34) limW x (9^ +1 \z),9(C)) = 0, z,(eC. 

x— ^0 

Proof. Combining Corollary |3.12l (vi) with (|3.32p . we complete the proof. □ 

4. Singular to-functions 

4.1. Some general facts. Now let us look at perturbations 

(4.1) H = H l +q(x) 

assuming that the potential q satisfies the following conditions: 

Hypothesis H.4.1. Let I 6 [—5,00). Suppose q <E _L[- oc (R+) is real-valued such 
that 



(4.2) 



\xq(x)eL l (0,l), l>~h 
\x(l-log(x))q(x)eL i (0,l), l = -\. 

Moreover, assume that r = 77 + q is limit point at 00. 



Under Hypothesis 14 . 1 1 the differential equation H = Hi + q is limit circle at x = 
if I 6 Y~\: \ ) a- n d limit point at x — for I > |. In particular, iJ associated with 
the boundary conditions at x = (for I <E [— ~, -)) 

(4.3) limi'((I+l)/(i)-i/'(i)) =0 
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is self-adjoint by [El Thm. 2.4]. See also [5] for a characterization of all possible 
boundary conditions in terms of Rellich's Anfangszahlen. 

The results from the previous section also give us information on the associated 
scale of spaces. We begin with characterizing the form domain of H. 

Lemma 4.2. Suppose Hypothesis \4 .l\ holds. Assume additionally that H is bounded 
from below. The form domain of H is given by 

(4.4) 0(F) = {fe L 2 (R + )\f e AC(R + ), -/' + ^jf G L 2 (R + )} 

for any X below the spectrum of H . In particular, every f G Q(H) is of the form 

(4.5) f(x) = xf(x), feL 2 (0,l), |/>)|<^. 

y/X 

Proof. Consider the operator A — — 4- + 4>' (X, .) / <fi(X, .) which is a closed oper- 
ator when defined on the domain given on the right-hand side of (|4.4I) (cf. [30l 
Problem 9.2]). Moreover, its adjoint is given by A* = 4- + (j)'(X, .)/<f>(\, ■) with 
domain 

V(A*) = {/ G L 2 (R + )\f G AC(R+), /' + ^jf G L 2 (R + ), 
lim f(x)g(x) = 0, \/g G V(A)} 

x— ^a,o 

and hence one checks H — X = A* A. In fact, the only nontrivial part is to identify 
the boundary condition at a (if any). However, since <p(X, .) is in the domain 
of A* A near a by construction of A, equality of domain follows. Consequently 
0(-ff) = D(A) finishing the first claim. 

To prove the second claim let us consider the solution of the inhomogeneous 
equation 

(4-6) - f'(x) + ^t4/(*) = 9[x), 9(x) G L 2 (0, 1). 

(p{X,x) 

By Lemma 13.21 <p(X,x) admits the representation 

<t>{X,x) = x l+1 4>{X,x), 4>{X,x) = e ^ w ^ d v, weL 1 ^,!). 
Therefore, 4>'(X, x)/<ft(X, x) — ^-+w(x) and hence the solution of (|4.6[) is given by 

f{x) = C!<p(X, x) + x(f>(X, x)ti (x), 

V0(A)/ 

and (|A.12|) and (|A.8|) complete the proof. □ 
Moreover, for the associated scale of spaces we obtain: 



Lemma 4.3. Suppose Hypothesis \4-.l\ holds and H is bounded from below. Let S) n 
be the scale of spaces associated with H (cf. Avvendix ^Dj) . Then f G f) n > n > 0> * s 
of the form 

(4.7) f(x) = x n f(x), /GL 2 (0,1), 0<n<LZ + lJ, 

(4.8) f(x) = x n - 1 f(x), /Gi 2 (0,l), 2<n<|_Z + lJ. 

For n > 1 we have \f(x)\ < for x £ (0,1) and for n > 2 we also have 

|/>)|< ^ for zG(0,l). 



1(5 



A. KOSTENKO AND G. TESCHL 



Moreover, any function of the form 

(4.9) g(x) = x- n g(x), g(x) G £ 2 (0, 1), g{x) G L 2 (l, oo), 

Zies m -fj-n /or < n < |_Z — t— Ij . 

If H is not bounded from below the claim still holds for even n. 

Proof. The first part follows from induction using Lemma 13.91 (resp. Lemma 13. 7[) 
starting from f)o = ^ 2 (^+) for the case of even n and from fji = &(H) for the case 
of odd n. The estimates for / and / follow similarly using (|A.8j) . (|A.9j) . 

To see the second part note that when fj(x) — x n fj(x) —> f(x) = x n f(x) in Sj n 
then fj(x) — > f(x) in L 2 (0, 1) and fj(x) — > f(x) in L 2 (l,oo). The second claim 
is obvious and the first follows by inspection of the proof of Lemma 13.91 since the 
operators JCt and Ki are continuous on L 2 (0, 1). Hence it is easy to see that the 
linear functional / / r g(x)f(x)dx is continuous on Sj n . □ 

Following [15] . we define M(-), the singular m- function for r, by 

(4.10) rp(z,x) =6(z,x) + M(z)<j)(z,x) G L 2 (l,+oo), z G C+, 



where and are the entire solutions from Lemma 13.21 

Let us recall some general facts from [20]. First of all, associated with M(z) is 
a spectral measure dp(X) and a unitary transform U : L 2 (R+) — > L 2 (R,dp) which 
maps H to multiplication by the independent variable A. Both H and U have 
unique extensions to the scale of spaces associated with H (cf . Appendix [U]) which 
will be denoted by H and U, respectively. Moreover, recall 



(4.11) (H-z)- 1 f(x)= I G(z,x,y)f(y)dy, 
where 

(4.12) G(z,x,y) = 



(z,x)<if)(z,y), y>x, 
(z,y)ip(z,x), y<x, 



is the Green function of H. 



Lemma 4.4. Assume Hypothesis \4-l\ and let ip{z, .) be the Weyl solution defined 
by (|4.10p . Abbreviate 

(4.13) i>( j \z,x) = ditp(z,x), j G N . 
Then tJ)V)(z, .) G &- n ,+2j \ #-nj+2.j+l wift = |j + a^d 

(4.14) (U^(z,.))(X)= 31 zeC\a(H). 
In particular, 

il>V\z,x) =jl(H-z)-^(z,x) ) j G No, 
and the distribution 

(4.15) ip(ar) := (H - z)ip(z, x) £ Sj- ni - 2 \ tf-m-i 
does not depend on z, (Ucp)(X) = 1. 
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Proof. We begin by observing that Lemma 13.61 and Lemma 13.81 imply 

ct 



(4.16) 



2/+1 

- 2 



z +^"(log(x)+ (l)), 3 = 1+1/2, 



for j < m. Moreover, choosing f{x) € L (K.+ ) with compact support in (0, 1) we 
have 

^(z,x):=(H-z)- 1 f(x) = ( f <Kz,y)f(y))il>(z,x), x>l. 



o 



Since ip{z,x) and all its z derivatives are in L 2 (M + ) we conclude that ip^(z, .) G 
L 2 (l,oo). Thus Lemma O shows G #2(j- K( ) \ ^ 2 (j-K,+i) for J < 

where m := |_| + |J- 

Moreover, from [501 Cor. 3.7] we know 

(4.17) (^G(z, 2 ;,.))(A) = #%^ r , (t/9^G(z,z, .))(A) - ' ! "' ( ' V " 



for every x € (a, 6), fc G No, and every zeC \ &(H). Hence for j > m we obtain 
(t/^%,x,.))(A) = —J* Wx (0(zM(\)), 

where 

x ^ = / E *=° ©^-^(^y)^^),^)^)), , > x, 
\Ei=o(D^ fc) (^y)^Wz),v (fc) W), y<^- 

Now (|4.14p for j > m follows by letting x — > using Corollary 13.121 To see it for 
< j < hi we will show (z) = \{H - z)tp^(z) for < j < «j. Choose 

/ G ^2( K! -j), then 



((iJ-z)^*),/)^ = (^(z),(H-z*)f) 



L 2 



= lim / ip(^ (z,x)(t — z)f(x)*dx 

poo 

= ]imW s (ip^ (z),f *) + ]im / x)f{x)*dx, 

£-1-0 6^0 J £ 

where we have used integration by parts and (r — z)ip^{z) — ji/}^~^{z). Now 
alluding to (I4.16P (and the corresponding statement for the x derivative with x~ lJr2 i 
replaced by ie +2j_1 ) and Lemma [4.31 we see that the Wronskian vanishes in the 
limit and that the second limit exists, that is, 

{{H - z)^ (z), /) l2 = £ (z, x)f{x)*dx, 

which shows (|4.14|l . 

Finally, to decide if ipW>(z, .) G ^2(j- Kl ) \ $>2(j-m)+l or *P U) ( Z , ■) € ^ 2 (j-«i)+i \ 
^2(j-re(+i) we consider the following integral 

/>oo 



and recall ^'^(z, .) G #_ 2 \ #o and V (re!) 0,-) € #o \ #2 plus ^ (i) 0>-) € 
L 2 (l,+oo) for all j G No- Moreover, by (|4.16j) . we see that I Kl (z) is finite if 
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and only if m = 2ki - 1. Since ^^(z^) = (H - zy 1 ^ K ' l ^ 1 \z,x), the latter 
means that tp^' -1 '^, .) £ Sj-\ \ Sjo if and only if ni = 2ni — 1. Otherwise, we get 
■0^ K!_1 )(z, .) £ JO-2 \ -5-1- This completes the proof. □ 

4.2. Main Theorem. The main aim of this section is to show that the solution 
8(z, x) can be chosen such that M(z) belongs to the generalized Nevanlinna class. 
To this end, let ip(i, x) be the Weyl solution defined by (I4.10[) and introduce the 
function 
(4.18) 

g±i^ (V^Hi), (H z)-V (K - 1} (i)) L2 , «i = 2 K; - 1, 

g±i^ (^"^(i), ((^ - - K)^-V(i)) L2 , n, = 2k u 

which is well defined for zeC \ &(H) by Lemma [4T4l Here 7?. := Re((iJ — i) _1 ) = 
2 ((if — i) _1 + (if + i) _1 ) and the inner product in (14. 18|) is understood as a pairing 
between Sj-i and S)\ or between $)-2 and $)2, respectively. In the case ni = Ki = 
(i.e., I < i), one has to set if)^ 1 '^) = ip = (if — z)tp(z). 

Clearly, M(z) is a generalized Nevanlinna function and M £ N Kl . Moreover, by 
Lemma 14.41 

1 dp(X) 



M(z) 




m = 2ki - i, 



1 A \ ap{A) _ 



where p is the spectral measure satisfying 

Moreover, by Lemma T4. 41 and (|4.15|) . the representation f)4. 18[) yields the following 
estimate for the measure 

Also, for the singular m-function M(z) and the entire function F(z) given in 
Lemma 151)1 let us define the polynomials Pm{z) and Pf{z) of order at most ni 

by 

(4.22) P f (z*) = Pf(z)*, Pf(i) = /W(i), je {0,...,LyJ}, /G{M,F}. 
With this notation our main result reads as follows: 

Theorem 4.5. Assume Hypothesis \4-l\ Let the functions M(z) and M(z) be de- 
fined by (|4.10[) and (I4.18[) . respectively. Then 

(4.23) M(z) =M(z) + P Af (z)+G(z), zeC\#), 

where G{z) = F(z) — Pf{z) and F{z) is the entire function given in Lemma \3.6\ 

The singular m-function M(z) is a generalized Nevanlinna function from the 
class N%° with k\ = + |J if and only if F(z) is a real polynomial ^^_q a m z rn 
such that m = 2m + 1 and a m > 0. In particular, M £ if 9(z, x) is a Frobenius 
type solution. 

The corresponding spectral measure dp is given by f|4. 19|1 and satisfies (|4.21l) - 
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In order to prove this theorem we will distinguish the cases when m is even 
and odd. Moreover, to make the proof more transparent we will show the first 
cases ni = 1 and m — 2 separately. The case ni = already follows from [2"U1 
Appendix A] and will thus not be considered here. 

4.2.1. Step 1. The case ni = 1. First, observe that m = 1 since I £ [1/2,3/2). 
Therefore, by Lemma l4~4l 



(4.24) zeC\a(H). 

The latter enables us to introduce the function M(z) by (|4.18|) . Thus we get 

(4.25) M(z) = (z 2 + 1) (V(i), (H - z)~ V(i)) l2 • 

Lemma 4.6. Let I G [1/2,3/2) and assume Hypothesis \4-l\ Let the functions M 
and M be defined by (|4. 10|) and (|4.25[) , respectively. Then 

(4.26) M(z) = M(z) + ImM(i)-z + ReM(i) + G(z), zeC\a(H), 

where the function G is entire. Moreover, G{z) = F(z) — ImF(i) ■ z — Re.F(i), where 
the function F(z) is given by (|3.20[) . 

Proof. Consider the following function for x > 

/•+0O ____ 

(4.27) Q 1 (z,x):=(z 2 + 1) ((H - z)"V(i, *))#,*)* 

^ a: 

Note that, the definition of Q(z,x) is correct and 

(4.28) limQi(z,x) =M{z). 

x— fO 



Furthermore, by Lemma [ 

0(2, - ^(i, x) = (z - i)(if - z)~ 1 '0(i, a;), 

and hence we get 

/•+OO 

Q 1 (z,x) = (z + i) / (^(«,t)-^(i s *Mi,*)** = 

/>+oo H-oo 

= (z + i) ip(z,t)ip(i,t)*dt-(z + i) ip(i,t)ip(i,t)*dt 

J X J X 

= -w x (i>(z),^r) + z -^w x m)Mi 

= - Wx (^{z)- Z -±±^) , VH)). 
Therefore, by ([08} 

(4.29) M(z) = - lim ^ (V(z) - ^ #) , V>H)) • 

Using the definition (|4. 10[) of ip(z,x), we obtain 

W x {iP(z),ip(-i)) =W x (6(z),6(-i)) + M(z)M(-i)W x (<p(z),<j>(-i)) 
+ M{z)W x (<p(z),9(-i)) + M(-i)W x (6(z),4>(-i)) . 
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Combining (|4.29p with the last equality and using Corollarv l3. 121 (ii)-(iii) . we finally 
get 

(4.30) M(z) = Iim x _> Qi {z, x) = M(z) - ImM(i) ■ z - ReM(i) 

-\im x ^ Q W x (e(z)-^e(i) , 

Further, setting zq = — i in (|3.20|) we get the following representation of 6(z,x), 

9{z, x) = o (-i, as) + x){z + i) + ^ ^ (z + i) 2 + F(z)0(z, x), 
fyfoa;) =x-'+ 2 ^(^x), j G {0,1,2}. 

Using this representation and noting that lim x ^o Wj^jfz), 0(— i)) = 0, we see that 
the limit in (|4.30p exists and is an entire function in z. Therefore, setting 

(4.31) G{z) := - lim W x (e(z) - ^-9{i) , 0(-i)) = F{z) - ImF(i) • z - RcF(i), 

x— >o V 2i / 

we have proven the claim. □ 



Proof of Theorem \4-5\ in the case n; = 1. The first part is contained in Lemma[ 
Further, combining (|4TT5|| . P~2T1) . and (|4~5T1) . by Theorem lBTTl we see that 

M G iVf° if and only if the function G defined by (|4.31[) . and hence the function 

F, is a polynomial satisfying (|B.7[) with n = 1. 

By Definition 13.101 9(z,x) is a Frobenius type solution if i* 1 is a linear function 

and hence in this case M G ./V-j 30 . □ 

4.2.2. Step 2. The case m = 2. Since / G [3/2,5/2) we get k; = 1. Furthermore, 
by Lemma \A. 41 

ip(z,x) G ^_ 2 \i5-i, z GC\ cr(if), 
and in this case (|4.18|) takes the form 

(4.32) M(z) = (z 2 + 1) (V(i), ((H - z)- 1 - ft)V(i)) 

Note also that M(z) £ (cf. (j4~19| . (|4T2Tj) and Theorem EU . 

Lemma 4.7. Let Z G [3/2,5/2) and assume Hypothesis Let the functions M 
and M be defined by (|4.10[) and (|4.32[) . respectively. Then 

M{z) = M{z) + ImM(i) • z + ReM(i) + *EMW ( 2 2 + 1) + G(z), z G C \ <t(#), 
where the function G is entire. Moreover, 

z 2 + 1 

G(z) = F(z) - ImF(i) • z - RaF(i) — ImF(i), 



L 2 



where F(z) is given in Lemma \3.8\ 
Proof. For x > 0, consider the function 

r+oo ^ 

Q 2 {z, x) := (z 2 + 1) / ({{H - z)- 1 - t))^(i, t)*dt. 

J X 

Note that the definition of Q2{z,x) is correct and, moreover, 
(4.33) ]imQ 2 (z,x) = M(z). 

x— >0 
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Furthermore, 

Q 2 (z,x) =Q 1 (z,x)- (z 2 + l)n 2 {x), 
where Qi(z, x) is given by (|4.27j) and 

r+oo r+oo 

K 2 (x):= (Tlij}(i,t))ip{i,t)*dt = Re ((H — i) ~ 1 ^(i, t))i/j(i, t)*dt 

J X J X 

= Re£ i,{i,t)^{i,t)*dt = -Re W x {^- + ^,V(-i)) 
= -Re = -\ lm W*(^(i),^(-i)). 

Noting that 
Wx(^(i),^(-i)) 

= W s (0(i),0(-i)) +M(i)W r ar (0(i),e(-i)) + M(i)W iB (^(i),fl(-i)) 
+ M(-i)W*(0(i), 0(-i)) + \M(i)\ 2 W x (<j)(i), 0(-i)) + M(i)M(-i)VK,(0(i), 0(-i)), 
and using Corollarv l3.12[ we get 

(4.34) M(z) = lim Q 2 (z,x) = lim (Qi(«,x) + ^^ Im W x (ij>(i), i/>(-i))) 
=M(«) - ImM(i) • z - ReM(i) - Im ^^ (z 2 + 1) 

-limW^(z)-^±>i) - f!±llm(0(i)) , 

Noting that 9k(},x) = i, &)* and using (|3.20|) with zq = — i, we obtain 
(i,z)-0(-i,z) _ (F(-i)0(-i,a:))" 



lm(0(i,s)) 



2i 2i 
= 2 (-i, a:) - 20 3 (i, s) + Im ((F(i)0(i, i))'). 
Finally, using Corollary 13. 121 we get after a straightforward calculation 

M(z) = M(z) - ImM(i) • z - ReM(i) - Im ^ ^ ^2 + ^ 
+ F(z) - InxF(i) • z - ReF(i) - Z +1 ImM(i). 



Proof of Theorem \4-5\ in the case ni — 2. The first part is contained in Lemma[ 

Further, using Lemma [17] and (|4.19j) - (14.21j) . by Theorem |BH we see that M(z) 
is an A^i-function if and only if F(z) is a polynomial satisfying (|B.7|) with k = 1. 
In particular, M € N± if 9(z,x) is a Frobenius type solution. □ 



□ 



4.2.3. Step 5. T/ie case ni = 2k + 1, k € N. Assume that Z G [2fc + 1/2, 2k + 3/2) 

J + i 



for some fixed tel. Note that in this case ni — |4 + | J = fc + 1. Furthermore, 



by Lemma T4. 41 

ip{z,x) e Sj- 2 k-i \Sj- 2 k, zeC\a{H), 

and 

(4.35) V W) (i, as) := *) = jl{H - i)-^(i, 1) € j5_ 2 fc-i+« \ J5- 



2fc+2j- 
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In this case, (|4.18p takes the form 

(4.36) M(z) = + (^ fc >(i), (H - z)-V (fe) (i)) 



L 2 



Observe that M(z) is analytic in C \ u{H) and, moreover, M S iV£ 
To proceed further we need the following formula 

k 

(4.37) (z - i) k+1 (H - z)~\H - i)- fe V(i, x) = i>(z, x) - ]T(z - i)'(S - i)"^(i, x) 

3=0 

Combining (|4.3T[) with (I4.35p . we can rewrite (|4.36l) as follows 

ff W _(, +1) »«(3^», 

j=o 3 • 

As in the previous subsections, we set 

(4.38) Q ni (z,x) := {Z+ f +1 ^ U(z,x)-^^^(z-i)A^ k Hi,t)*dt. 
Note that 



(4.39) M(z) = lim Q n Jz,x). 

x— >0 

Furthermore, for j € {0, . . . , k} consider the following functions 
1 f°° 

(4.40) Q ni ,j(z,x) = -J ^(z,t) V (fc) M*dt, Q n|J (2f,x) = ^Q n , i0 ( 2 r,a!). 
Thus we get 

(4.41) Q ni (*,») = (* + i) fe+1 (Q„, ,o(*, *) - £ Q "" 3 f' X) (* - 0') • 

We begin with the function Q ni .o(z, x). Clearly, we get 
1 f°° 

Qn l fi{z,x) = - J ^(z,t)^ k \i,t)*dt 

Moreover, using Corollary 13. 12[ we obtain 

.. TT/ (M{z)cj){z) AP(-i). ..a M(z) 

0(z) A (M^)W(-i) . v ,\ _ A M«(-i 



M{z)4,(z) A(M0)^(-i) 
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Setting 

(4.43) e(„):=^Q^,£^ (i + i)>) 
and using (|4.10l) , by Corollary 13 . 1 21 we obtain 

(4.44) lim (Q ni , (z,x) - Q(z,x)) = \ (m(z) £ ^-±{z - 

> j=0 J " 



On the other hand, by Lemma 13781 we get 



3- 

i=0 j=0 

1 / Af(j')(-il 



J=0 

(z + i)' t+J 1 
Let us denote 

(4.45) e,(*,*):= E (/+ fc + nl-i ^ ( e £ +fc+1) H). g F } H)) 

i,j:i+j<k V W ' 

Note that 6f(z,3;) is a polynomial in z of order at most k. Therefore, 

(4.46) -F(z) + J2 J\( z V = -F(*) + E —T 1 ^ V- 

3=0 J ' J=0 J ' 

Noting that Q ni j(z,x) = diQ nit0 (z,x), by (|4.44l) and (j4.42|) , we get 

(4.47) lim (OhjM - = 
„ jo1 di ( M(z) 1 * M«)(-i). 

(448) = 5? ( (^TTj^ " (7TTFT g — jH* + 1)J 



where 



i=k+l j=0 

S 77 i ^^(^ +1, H).^H))-^), 



1 / Jt» FW(-i) 
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Observe that for arbitrary real entire function f(z) the function 



k 

7(*)=c*+i)- (fc+i >(/(*)-x; 




is real and entire. Furthermore, the function 

(z + i) k+1 (f(z) J2 ^P 1 ^ + V) = /(*) p f( z ) 

3=0 J ' 

is also real and entire. Here Pt is a real polynomial of order at most 2k + 1. 
Moreover, since z = ±i is a zero of order at least k + 1, the polynomial Pf satisfies 

(4.49) P f (z*)=P f (zy, P«(i) = /W(i), je{0,...,k}. 
Combining (|4T39|) with (j4T40|) . (|OT|) . (j4~44l) . and (|4T46l) - (|4T48| we finally get 

M{z) = lim (z + (Q nii0 (z, x)-J2 Qn "f X \ z if) 

= ihn (z + o w (e(z, *) - x; (* - o j ) 

+(, +i )w(Mo(z)-x:^(,-iF) 

= M(z)-P M (z)-(P(z)-P F (z)), 

where Pf(z) is a polynomial of order rii = 2k + 1 satisfying (|4.49l) . Thus, we proved 
the following result. 

Lemma 4.8. Let I £ [2k + 1/2, 2k + 3/2) and assume Hypothesis \4-l\ Let the 
functions M and M be defined by (|4.10[) and (|4.36[) . respectively. Then 

(4.50) M(z) = M(z) + P M (z) + G(z), zeC\a(P), 

where the function G is entire. Moreover, G(z) = F(z) — Pp(z), where the function 
F is given in Lemma \3.8\ and Pf(z) is a polynomial of order n./ = 2k + 1 satisfying 

Proof o/ Theorem p75| m i/ie case n ; = 2fc + 1, /c e N. By Lemma l4~8l and (IB. 71) . M(z) 
is an A^-function if and only if F(z) — Y^JLo a mZ m with either m < 2ki or 
m = 2k; + 1 with a m > 0. 

In particular, M(z) £ iV Kl if 9(z,x) is a Frobenius type solution. □ 

4.2.4. Step ^. T/ie case n; = 2fc + 2, k £ N. Finally, assume that I £ [2k + 3/2, 2k + 
5/2) for some fixed k £ N. Note that in this case Ki = |_| + |J = k + 1. By 
Lemma 14.41 

V>(z, .) € Sj-2(k+i) \fi-2k-i, z£C\a(H) 
and (14.18[) takes the form 

(4.51) M(z)= {z2+ k ^ k+1 (^ (fc) (i), ((F-^)- 1 -^)^©). 
Observe that M(z) is analytic in C \ o"(i?) and, moreover, M £ N™. 
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As in the previous subsections, we set 

(4.52) Q ni ( z , x ) : =^J-^ J ^{(H-z)- 1 -n)^ k \i,i))i,(k){i,t)dt. 

Note that 

(4.53) M[z) = UmQ n ,(z,x). 

x—tO 

Observe that 

Q ni {z,x) = Q ni -i(z,x) - (z 2 + l) fe+1 Rc(g„ ; _ 1 (i,a;)) 
= Q ni ^{z,x)-(z 2 + l)Re( f ^ k+1 \i,t)tp( k )(i,t)dt). 

J X 

Arguing as in the previous subsection and using Corollary 13. 121 with the represen- 
tations from Lemmas 13.61 and 13.81 after straightforward calculation we arrive at the 
following relation 

(4.54) M(z) = M(z) - P M (z) - (F(z) - P F (z)), 

where F is a real entire function from Lemma 13.81 and Pf is a real polynomial of 
order at most ni — 2k + 2 such that 

(4.55) P«(i) = /«(i), j6{0 fc + 1}. 

Thus we proved the following result. 

Lemma 4.9. Let I 6 [2k + 3/2, 2k + 5/2) and assume Hypothesis \4-l\ Let the 
functions M and M be defined by (|4.10| and (|4.51l) . respectively. Then 

(4.56) M(z) = M(z) + P M (z) + G(z), z e C+, 

where the function G is entire. Moreover, G(z) = F(z) — Pp(z), where the function 
F is given in Lemma \3.8\ and Pf(z) is a real polynomial of order at most n\ = 2k + 2 
satisfying (|4.55|) . 

Proof of Theorem \4.5\ in the case m = 2k + 2, k € N. The first part is contained in 
Lemma 14.91 

Further, by Lemma |4~91 and (IB.7|) . M(z) is an iV^-function if and only if F(z) = 
YljLo a "iZ m satisfies the conditions (|B.7|) with k = kj. 

In particular, M(z) g N Kl if 0(z,x) is a Frobenius type solution. □ 

Appendix A. Hardy inequality 
Let I > — 1. Define kernels 

J a; -( i + 1 )y i ) y < x, 



0, y > x, 



(A.l) Ki{x,y) 
and associated integral operators 

fOO i nX 

(A.2) (IC,f)(x):= ^ K l (x,y)f(y)dy=- [TI J y l f(y)dy, 

(A.3) {t l9 ){y):= K l (x,y)g(x)dx = y l x^g^dx. 
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(A.5) £ J ( ]o g)( a; ) = _^ + z> . 



(A.9) \{£ig)(v)\< —, — ,M/J lglU. «>r- 1 - 



First of all we will need the following elementary facts: 

(A.4) ^^)W = Wt-(7TTF' l> ~ h 

and 

Z Z 2 

Furthermore, by Theorem 319 of [17], the following inequalities hold 
(A.6) ||/C,/|| P < P ||/|| p , / 6^(0,00), 

(A.7) \\^19\U<-^\\9\U, ffe£«(0,oo), 

for p G (l,oo), | + i = 1 and (Z + l)p > 1 (resp. Zg > —1). Moreover, Holder's 
inequality implies 

(A.8) |(JC t /)(s)l< (^vJ I/IIp, l>-~, 

yV"- 1 „ 1 
(p(/ + 1)-1)Vp I|5|I «' p 

Lemma A.l. LeZ a > and Z > — 1. TTie operator K-i is a bounded operator in 
L p (0, a) satisfying 

(A.10) ||jc t /|| p < _£— ||/|| p , /eff(0,a), 

/or any p € (j^-poo] if — 1 < Z < and any p G [1, 00] i/ Z > 0. Moreover, if 
f G C[0,a], then Ki(f) G C[0,a] itrc*ft 

(A.ll) lim /C ; (/)(x) = M. 

Similarly, the operator fCi is a bounded operator in L p (0,a) satisfying 

(A.12) ||/Q/|| P < ^-tII/IIp. /6i P (0.4 

/or any p G [1, 37) if — 1 < Z < and any p £ [1, 00] i/ Z > 0. Moreover, if I > 
and / € C[0, a), then K-i{f) G C[0, a] uraift 

(A.13) nm/Q(/)(z) = M 

a;— >0 I 

Proof. Equation (IA.10[) follows from (|A.6[) except for the boundary cases. The case 
p = 00 is trivial. For the case p = 1 if Z > consider bounded functions (which are 
dense) and take the limit p 1 in (|A.10I) . Finally, (jA.111) follows from l'Hopital's 
rule. Equation (|A.12I) is proven similar. □ 

Moreover, we will also need the case of Sobolev spaces W 1,p (0, a). Recall that 
the norm of / G W 1 ^ is defined by \\f\\ w i,v = ||/|| L p + \\f\W- 

Lemma A. 2. Let a > and I > — 1. The operator K-i is a bounded operator in 
W x *(Q,a) viz. 

(A.14) \\JCif\\w^ < Q\\f\\ w ^, f G W l *(0, a), 
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for any p £ [1, oo] . Moreover, 

(A.15) lim = -J- lim 

ai— >0 t + 1 a;— >0 

whenever the limit on the right-hand side exists. 

Similarly, the operator JCi is bounded in VT 1,p (0,a) viz. 

(A.16) \\ICif\\w^ < CiWfWw^, f € W 1|p (0, a), 

/or any p € [1, y^-j) i/0 < Z < 1 and any p € [1, oo] if I > 1. Moreover, 

(A.17) lim x{tif)'(x) = - lim ar/'(z) 

a;— >0 / >0 

whenever the limit on the right-hand side exists. 
Proof. Integrating by parts, 

= (T^y (/(*) - £ y l+1 f(y)dy 

we get 

(A.18) (£;/)'(*) = (JC l+1 f)(x) 

and the first claim follows from ([A. 101) . Equation (| A. 15|) follows again from l'Hopital's 
rule. 

The second part is similar using 
(A.19) (ICif)'(x) = (£i-if)(x). 

□ 

Concerning I = 0, we note 
(A.20) (JC f)(x) = P y- 1 f(y)dy = -/(0) log(z/a) + f \lC f')(y)dy 

J X J X 

and hence, by (|A.10[) , the operator 

(A.21) (£o/)(a:) := {t f){x) + /(0) log(ar) 

is bounded on W 1,P (Q, a) for p £ (1, oo]. Moreover, 
(A.22) limx(t fY(x) = -f{0). 

x^O 

To cover also the case p = 1 we note 

(A.23) ||£io g (/)lli < ll/lli> := - f ; pT / A 

at y 1 - log(y/a) 

This follows from the next lemma upon choosing I(x) — 1 — log(a;/a). 

Lemma A. 3. Letl(x) € ^4C(0,a] with I' (x) < and (w.l.o.g.) 1(a) — 1. Consider 

(/Cjf)(x) := -/'(a,) f ^Mrfy, / e ^(0, a). 

Jo Hv) 

Then 

< H/Hl. 
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Proof. Using integration by parts we obtain 

l|£//lli = 



W) dy 



o 



dx < — j l'(x) f "Ct^t dy dx 

o Jo i{y) 



o 



i(y) ,jyan a o J I(y) 

-j^y) i/(»)i*<ii/iii- 

Appendix B. Generalized Nevanlinna functions 



□ 



In this appendix we collect some information on the classes N K of generalized 
Nevanlinna functions [22]. By N K , k £ No, we denote the set of all functions M(z) 
which are meromorphic in C+ U C_, satisfy the symmetry condition 

(B.l) M(z) = M(z*)* 

for all z from the domain T>m of holomorphy of M(z), and for which the Nevanlinna 
kernel 

(B.2) M M {z,Q = M{z) ~*f} C) * ' , z,C£V M , z^C, 

z — Q* 

has k negative squares. That is, for any choice of finitely many points {^ }™ =1 C T>m 
the matrix 

( B -3) i^'M( z ^ z k)}i<j,k< n 

has at most k negative eigenvalues and exactly k negative eigenvalues for some 
choice of {zj}" =1 . Note that Nq coincides with the class of Herglotz-Nevanlinna 
functions. 

Let M £ N K , K > 1. A point Xq £ K is said to be a generalized pole of non- 
positive type of M if either 



or the limit 



limsupe|M(Ao + ie)| = oo 

6^0 



lim(-ie)M(A + is) 



exists and is finite and negative. The point Ao = oo is said to be a generalized pole 
of non-positive type of M if either 

\ M (w)\ 

hm sup = oo 

y\co V 

or 

hm^M 

vtoo iy 

exists and is finite and negative. All limits can be replaced by non-tangential limits. 

We are interested in the special subclass C N K of generalized Nevanlinna 
function with no nonreal poles and the only generalized pole of nonpositive type at 
oo. It follows from Theorem 3.1 (and its proof) and Lemma 3.3 of [22 that 
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Theorem B.l. A function M 6 admits the representation 

(B - 4) M u = ^^i^-rh)0W + p 

where k < K, I < 2k + 1, 

(B.5) aj e K, and / (1 + A 2 ) -fc-1 <i!p(A) < oo. 



The measure p is given by the Stieltjes-Livsic inversion formula 



1 , . ^ „. . ,» .. 1 



Ai 



(B.6) ^(p((A ,A 1 ))+p([A ,Ai]))=Iim- / Im(M(A + ie))d\. 

The representation (|B.4[) is called irreducible if k is chosen minimal, that is, either 
fc = or / R (l + \ 2 )- k dp{\) = oo. 

Conversely, if (|B.5|) holds, then M(z) defined via (|B.4|) is m iV^° /or some k. 
If k is minimal, k is given by: 

I < 2k, 

(B.7) k — ^ L5J, I > 2k + 1, I even, or, I odd and a; > 0, 

L^J +1, l>2k + l, I odd and, a; < 0. 

For additional equivalent conditions we refer to Definition 2.5 in [lOj . 

Given a generalized Nevanlinna function in , the corresponding k is given by 
the multiplicity of the generalized pole at 00 which is determined by the facts that 
the following limits exist and take values as indicated: 

-^=r e (°. °°]< (-p^+T e [0, 00). 

Again the limits can be replaced by non-tangential ones. This follows from Theo- 
rem 3.2 in [25]. To this end note that if M(z) G N K , then -M{z)~ 1 , -M(l/z), and 
l/M(l/z) also belong to N K . Moreover, generalized zeros of M(z) are generalized 
poles of —M(z)~ 1 of the same multiplicity. 



Lemma B.2. Let A'I(z) be a generalized Nevanlinna function given by (|B.4|) — (|B.5|) 

with I < 2k + 1. Then, for every < 7 < 2, we have 



(B. 



/• MX) , _ f (~l) fc Im(M(h/)) 



Concerning the case 7 = we /icwe 
(B.9) / - 



,, K (1 + X 2 ) k v-hx> y 2k 1 

where the two sides are either both finite and equal or both infinite. 

Proof. The first part follows directly from [TBJ §3.5] (see also [HI Lem. 9.20]). The 
second part follows by evaluating the limit on the right-hand side using the integral 
representation plus monotone convergence (see e.g. [TH §4]). □ 
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Appendix C. Super singular perturbations 

In this section we will collect necessary facts on rank one singular perturbations of 
self-adjoint operators (further details can be found in [7J, [5], [25] > see also references 
therein) . 

Let H be an unbounded self-adjoint operator in $). Recall that to every such 
operator we can assign a scale of Hilbert spaces Sj n , n £ Z, in the usual way: For 
n > set fi n = D{\H\ n / 2 ) together with the norm ||^|U„ = ||(1 + \H \ 1,2 ) n 4>\\ 
and for n < let S) n be the completion of with respect to the norm ||V>||j5 n = 
||(1 + \H\ 1 / 2 ) n Tjj\\. Then the conjugate linear map ip £ f) C f)_„ H- (if), .) £ #*„ 
is isometric and we can identify $j- n with ij* in a natural way. We will denote 
the corresponding dual pairing between ij* = Sj— n and $j n by (., .)^. Note that H 

gives rise to a unique extension H : Sj n — > £j n _2- 

Choose G \ .f)o- Consider the following perturbation of H, 

(C.l) fl* := + (<p, V, tfGKU{oo}, 

where the sum has to be understood as a form sum via the KLMN theorem (see 
e.g. [301 Chapter 6.5]). The operator 

(C.2) H min :=H\ker(<p,.) 

is symmetric in i5o with deficiency indices n±(H m - m ) = 1 and the operators H$ can 
be considered as a self-adjoint extensions of H nlin . 
Then the function 

(C.3) M(z) := (tp, {H-z)- 1 ^^ , zeC+UC_, 

is well defined for all z £ C+ U C_ and is called the Weyl function of the symmetric 
operator H m i n . It is also the Q-function of the pair {H, H m i n } in the sense of Krein 
and L anger [21]. Namely 

(C4) M(Z) ~ f (C) = 7 (C*)*7(*) = (7(C), 7(*)) a , 7W:=(ff^rV^i, 

where the function 7(2) : C\M — >• f)i is called the j -field. Moreover, the self-adjoint 
extensions H$ of H m i n can be parameterized via Krein's resolvent formula 

(C.5) (ff« - z)- 1 = (g - z)- 1 + — ± (j(z*), 70s), zeC+UC_. 

Note that M(z) is a Herglotz-Nevanlinna function and admits the following repre- 
sentation 

(c.6) ^-^Kxh^ih)^ 

where p is a positive measure on K satisfying 

It is well known that the spectral properties of H are closely connected with the 
properties of Namely, there is a unitary transformation U : Sj — > L 2 (R, dp) 



1 Without loss of generality we can assume that H mln is simple, i.e., f) = span{7(.z) : z G 

c+uc-}. 



SINGULAR m-FUNCTIONS OF SCHRODINGER OPERATORS 



31 



such that H is unitary equivalent to the multiplication operator 

(C.8) Tf = Xf(X), ®(T) = {feL 2 (R,dp): f X 2 \f(X)\ 2 dp(X) < oof. 

In particular, the minimal operator Lf m i n is unitary equivalent to 

(C.9) T miu :=T\T)(T min ), 2>(T min ) = {/ € 2>(T) : / f(X)dp(X) = o}, 

that is, the corresponding unitary operator U maps the boundary condition (/, ip) ^ = 
into J R f(X)dp(X) = 0. In particular, the latter means U(<p) — 1, U{~f{z)) = j^. 
Since </? 6 fj_i \ f)o, we get that M is an i?o _ function, that is, 

(do) M( Z) = [ m. t 

Jr 2 ~ A 

where 

(C.n, / rW = », / e ^;<oo. 

Example C.l. Lei g G L 1 1 oc (R + ) and q € L 1 (0, 1). Lei Lf g fee i/ie Sturm-Liouville 
operator corresponding to the Neumann boundary condition at x = 0. 

H?f = rf, T :=-^+q{x), 3)(H? ) = {/ G S(Lf majc ) : /'(0) = 0}. 
It is also assumed that r is limit point at +oo, i.e., the operator is self-adjoint 



in L (R + ). Setting ip = 8, where 5 is the Dirac delta distribution, we find 

Lf min = + q(x), 2)(LT min ) = {/ g £(LL nax ) : /(0) - /'(0) = 0}. 

Letc(z,x) and s(z,x) be entire solutions of ry = zy such that c(z,0) = s'(z, 0) = 1 
and c'(z,0) = s(z, 0) = 0. The Weyl solution is given by 

ip(z, x) = s(z, x) + m(z)c(z, x) £ L 2 (R + ). 

Here m{z) is the Weyl-Titchmarsh m-function. Clearly, 

m(z) = i>(z,Q) = (5, (H? -z)-H)„. 



Moreover, the unitary transformation U , which maps to T defined by (|C.8I) . i 



is 



q 

the usual Fourier transform 

/(A) - (Uf)(X) := lim / j»s(A, x)dx, 

where the right-hand side is to be understood as a limit in L 2 (M.,dp). 

If if £ Sj-2 \ Sj-i, then the operator (|C.1|) can be given a meaning via the exten- 
sion theory approach as follows: The operator Lf m i n defined by (|C.2|) is symmetric 
with n± (Lf m in) = 1 and the Weyl function for Lf m j n (the Q-function for the pair 
{Lf, Lf m j n }) can be defined in a similar way, however, appropriate regularization of 
(IC.3P is needed. Namely, set 
(C.12) 

M(z) := (<p, ((H-z)- 1 -TZ^j <pj , K = Rc((/L - i)" 1 ) , zeC+UC_. 
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In this case, M is a Herglotz-Nevanlinna function having the form (|C6[) . where the 
measure satisfies 

frnl f dp{X) f d P (X) 

since ip G f)_ 2 \ JO-i- 

Let us remark that in the case 9? G Jo_2 \ J5-i the perturbed operator H& is not 
uniquely defined anymore. It can only be concluded that H$ coincides with one of 
the self-adjoint extensions parameterized by the Krein formula 

- z)- 1 = {H- z)- 1 + 1 ( 7 (z*), .)„ 7 (*)> ^C + UL 
y 1 — M (z) 

and additional assumptions on H and y are needed for establishing the connection 
between d and 

Singular perturbations by ^ G $j— n —i \ Sj— n with 71 > 2 cannot be treated in 
terms of the extension theory of the operator H m i n in the original space $3 since 
the operator £f m i n is essentially self-adjoint in j}, ff m i n = H = H* . However, 
starting from the pioneering work [3], there is an interpretation for the singular 
perturbations H$ as exit space extensions of an appropriate restriction of H (see 
[211 El IE])- These extensions act in a space which is a finite-dimensional extension 
of $). They are non-self-adjoint with respect to the underlying Hilbert space inner 
product, but become self-adjoint when a suitable Pontryagin space scalar product 
is introduced. 

Namely, consider the 7-field j(z) = (H — z)^ 1 p>. Note that 7(2:) ^ f) since 
<p € £j_ n _i \ £)_„ and hence (H — z)^ 1 ^ G Jj-n+i \ JO-n+2- To give a sense to the 
element 7(2) and hence to the resolvent formula (|C.5j) . let us extend the space fj 
by adding the following elements 

(C.14) ^ := (5 - j €{!,..., k n }, k n :=[n/2\. 

Then the vector 

k n 

(C.15) 7 (z) = (H - z)-\ = £(* - iy- + (a - i) fe " (S - z)-\ kn 

j=i 

can be considered as a vector from an extended inner product space Jo which con- 
tains both fj and the vectors (|C. 14|) . In this space the continuation H of H generates 
a linear relation H', for which the operator function (|C.15[) can be interpreted to 
form its 7-field in the sense that 

7(*0 - 7(0 = (z - Q(H' - z)"V, z, z e C+ U C_. 

The inner product (., .)^ in Sj should coincide with the form (., generated by 
the inner product in fj if the vectors u, v are in duality, u € S)-j and v G Sjj, 
j G {0, . . . , k n }- For the other vectors in (|C.15j) it is supposed 

= tj+i-i, i,j € {l,...,k n }, 

where {tj}^^ 1 C M. The corresponding inner product has precisely k = k n 
negative squares (see [3 §4.3]). We omit the detailed construction of the exit space 
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as well as the description of extensions (interested reader can find further details in 
OH]). Let us only note that one can choose the constants tj such that the function 

(C.16) M(z) := (z 2 + l) k " (^.(H-^rVfc,) 

= (z 2 + l) fe " ((H i)- fe '^, (H z)~\H i)- k ^) a , 

if n = 2k n + 1 and 

(C.17) M(z) := (z 2 + l) fe " (^ n , ((i? - z)- 1 - Tl) y kn )^ , 

TL = Re((£ - i)- 1 ) =\{{H- i)- 1 + (H + i)- 1 ) , 

if n = 2k n + 2, is the Q-function for H', i.e., 

M(z) - M (Q , . , , 
— 7 = 7(C ) 7(2) = (7(C ),7(^)}fl • 

Observe that M(-) is a generalized Nevanlinna function and M £ N£° . Indeed, 
since tpk n G i^_2 \ the function 

M(z) 

admits the representation either (|C.10|I - (|C.11|I or (|C.12|) - (|C13|I . It remains to 
apply Theorem lB.il 

The function M(z) can be considered as a regularization of the function defined 
by (|C.3[) and will be called the singular Weyl function for the operator H. Note 
that M(z) characterizes the pair {H, H'} up to unitary equivalence. 
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